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ABSTRACT 

This document consists of two modules. The first 
studies a variety of multicandidate voting systems, including 
approval, Borda, and ciunulative voting, using a model which takes 
account of a voter's intensity ol preference for candidates. The 
voter's optimal strategy is investigated for each voting system using 
decision criteria under uncertainty (Savage regret and Laplace 
criteria) and under risk {expected utility). Voting systems are 
compared with regard to the relative ease with which the voter can 
approximate his or her optimal strategy, the relative freedom of the 
voting system from offering superfluous strategies, and the empirical 
impact as deteriitined by survey data. The second module is designed to 
help the user gain an understanding of how a simple theory of voting 
can be used to analyze strategic voting in Congress. It is noted that 
voting in the United States Congress is frequently strategic. A model 
is presented to explain and predict voting on congressional 
amendments^ Both units contain problem sets, and answers to these 
exercises are provided. (MP) 
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PinallYr we will use survey data to study the 
impact different voting systems might have had in* the 
1972 Democratic Presidential primaries, assuming thac 
Jbhe^voter soused optimad-strategies--* 

2. ' EXAMPLES OF^ VOTING SYSTEMS 

We begin by describing several possible voting 
systems for single-vacancy, multicandidate ei^ections. 
In ^ach system considered below, the candidate with the 
most^lvotes wins. Some of ^these' systems are in current 

.use, .others are not. To len<^^ perspective to the analy- 
sis, we have deliberately included seme which may not be 
advisable under any circumstances. Our purpose is to 

• take a fresh look'i^at the advantages and disadvantages of^ 
each,«unfettered if possible by preconceived notions. 

Pj.urality , Each voter casts one vote for, one 
candidate. This is the system most commonly used 
in the United States, and in parliamentary elec- 
tions in Canada and Great Britain. 

Cumulative Voting . Each voter may apportion a set 
number of votes (the same for eath voter) among 
the candidates. (IThen employed at present, this 
method is norn\,ally used when there are several 

- vacancies, aa for a corporate board of directors 
or for a multimember legislative district such as 

*ih the Illinois House of Representatives. How- » 
ever, we, will consider here its effect v;ere it ap- 
plied in a single-vacancy race.) (See Brams 
(1975) for a more detailed discussion of cumula- 
tive voting.) 

— ^ — A pproval Voting . Each voter is permitted to cast 
votes for (i.e., approve) as many candidates ^as he 
wishes, but he ir allo\7ed no more than one vote 
per candidate. (See Brams (1978: ch. 6) for a de- 
scription of the recent research on approval vo- 
ting^) ' 

Cardinal Rating Voting . Each voter rates th.e 
candidates on a common scale, say, from O^to 10, 
and casts a number of votes for each candidate 
determined by his rating. ^ 



Borda System . Each voter ranks l^he candidates in 
order of preference and casts cw number of voteSs^- 
for each equal to the number of candidates ranked 
below him. For example, if 'there are five candi- 
dates, each voter v/ill cast 4, 3, 2, 1, and 0 
votes for the v<»rious candidates. (See Eorda 
(1781) or Black (195R).) ^ 

Example . Suppose- there are four canditjatesi Adams^, 
Bianco, Cohen, and Delaney, and five voters J, K, I., n, 
and I]. Table^l lists possible rankings given by the 
voters for the four candidates, froiri most preferred 
/(rank 1) to least preferred (rank 4),. Exercises 1-4 
refer to this tcible. 

Table 1 

.VOt<?g? MfliaS Bianco Cohen Delaney 
J: 1 2 3 4 . 

K: 'l 3 2 4 

L: • 4 1^ 2 3 

, M: 3 21 4 

4 2 3 1. 



Exercise 1 - Determine the total vote for each 'candidate in Table 1 
for the plurality system and for the Borda systen." 

Exercise 2. In Dorda votings each voter ranks the candidates lst» 
2n4» 3rd* and Ath. Tor the ranks specified in Table 1 deton:ine 
the sum of the ranks for each candidate. Explain in v/hat sense ' 
choosing as winner th£t candidate whose rank sum is smallest is 
equiva^lent to the Borda system. 

Exercise 3. Suppose each vcter ranks the candidates and then casts 
a number of votes for each candidate equ^l to the difference be- 
tv;een the number of candidates ranked below that candidate an*a the 
number of candidate? ranked above thct candidate*. Calculate the 
vcte totals for the ranks ir. Table 1 (note tbat souo \ctes cast are 
negative). Is this system equivalent^ to the Borda system?^ 

Exercise 4. The rule for casting votes described in Exercise 3 
permits the voter to express indifference between two or more can- 
didates* i.e.% to jgive two or more candidate's the same rank. If h 
voter prefers Adams* is indifferent between Bianco and Cohen* and 
considers Delaney least desirable* determine the votes he casts 
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•The module studie«5 a variety of multicandi- . 
date voting systems, including approval, Borda, 
, and cumulative voting, using a model which takes 
account of a voter's intensity of preference for 
the candidates. The voter's optimal strategy is 
investigated for each voting system using decision 
criteria' under uncertainty (Savage r<i5ret and 
Laplace criteria) and under risk (expected util- 
ity). Voting systems are compared with regard to 
the relative ease with which the voter can approx- 
• .im'ate his optimal -Istrategy, the relative freedom 
of the voting system from offering superfluous 
strategies, and the empirical impact as detonnined 
ss* by survey dat^a.^ 

1 ■ TMTRODUCTIOM ^ 

Often a vot^r is confronted with an election in 
which more than tifo candidates are running tor a single 
office. Current^ flection rules in the nnited States and 
se^elal other countries permit each voter to express a 
preference for only.i^ifi of ti^e candidates. This systen 
of voting disregards the intensity of preferences felt 
^by the voters fojr the yarious candidates, except insofar 
as voters who are unconcerned may choose not to vote. 
In particular, it often av/ards a plurality to a candi- 
date who is the first choice of a minority, whilf^ an- 
other candidate may enjoy approval by a larget proper- * 
tion- of the electorate and could, if elected, serve with 
y a wider mandate. . 

For example, in the 197C llew York Senatorial race, 
thc^e were throe candic!?tes: Cttinger (Pcnocrat) , 
Goodell '{Pepublican^-Liberal) , an<J Buckley (Conserva- 
tive). As it turned out, Buckley v;on with 39% of the 
vote, followed by Ottinger with 37%, and Goodell with 
24%. To* a large extent the tv;o candidates perceived to 
be liberal (Ottinger and Goodell) divicec' the votes froi,i 
a common constituency. Many observers have speculated 
that a majority of the voters preferred Ottinger to 
Buckley a» J some have also con*:ended that a majority 
preferred Goodell to Buckley. 

A variety of alternative voting systems have been 
proposed to determine the winner in a multicandiclate 
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election. For example, the winner might be determined 
by summing ranks or xetings of the candidates or each 
voter might be permitted to vote for more than one can-' 
didate. For a number of such voting systems, v/e will 
investigate optimal strategies for a voter (e.g.,. how he 
should rank or rate the candidates or how many candi- 
dates he should vote for) . This v^ill be .done under a 
variety of assuui*tions concerning the voter's knov/ledgcj 
of the likely outcome of" the election and will be based 
on a model which takes into account the voter's inten- 
sity of preference for the} candidates. 

First we v;ill consider voter strategies (i.e.,, 
decision criteria) under uncertainty, by which we 
mean thcit estimation of the likelihood of the candi- ' 
dates' success is not possible. We v;ill determine op- 
timal strategies based on the Suvage criterion, v;hich 
mipimixes regret, and on the Laplc^e criterion, which 
maximizes influence on the outcome under the assumption 
that all candidates are equally likely to contend for 
first place. These concepts will be described in detail 
letter. ^ 

Next we will assume that the voter is capable of 
estimating the likelihood- of the candidates' success 
based on polls or other information. It v;ill be assumed 
that the voter wishes to cast his ballot in such a way 
at to mcitimizp his in.Cluonco on t!ie outcome of the elec- 
tion. Under this assumption we will show how the vo- 
ter's optimal strategy in seeking this goal can be de- 
termined for a num.ber of voting systems. 

An important purpose of computing optimal .strato- 
f iQ£ lies in the evelyation cZ vctinc; syrtens. re- v;e 
will see, the yratMcal determination of rn opUir.ial 
strategy may not be an easy task for the voter. Vic 
suggest that an important criterion for society in 
choor.:.ng voting systems is the relative ease with which 
the voters can cipproiiimate their optimal' strategies. Vo 
will demonstrate a qualitative difference among voting 
systems in regard to this criterion. Furthermore, it 
will be seen that,^ under the ar:sumptions of the model 
developed, certain voting systems reduce to other knowr^c 
systems when superfluous (non-optimal) strategies are 
eliminated. 



PinallVf we will use survey data to study the 
• impact different voting systems might have had in* the 
1972 Democratic Presidential primaries, assuming thac 
.Jbhe^vjoters^used optimcil-strategies^_.!. 

2. EXAMPLES OF! VOTINa SYSTEMS 

We begin by describing several possible voting 
systems for single-vacancy, multicandidate ejections. 
In ^ach system considered below, the candidate with the 
most. .Votes wins. Some of ^these' systems are in current 

. use, .others are not. To len<^^ perspective to the analy- 
sis, we have deliberately included seine which may not be 
advisable under any circumstances* Our purpose is to 

. take a fresh look1?at the advantages and disadvantages of- 
each, ^unfettered if possible by preconceived notions. 

Blurality , Each voter casts one vote for, one 
candidate. This is the system most commonly used 
in the United States, and in parliamentary elec- 
tions in Canada and Great Britain* 

Cumulative Voting , Each voter may apportion a set 
number of votes (the same for eath voter) among 
the candidates. (When employed at present, this 
method is norn\^lly used when there are several 

« vacancies, ari for a corporate board of directors 
or for a multimember legislative district such cfs 

*ih the Illinois House of Representatives. How- > 
ever, we. will consider here its effect v;ere it ap- 
plied .In a single-vacancy race.) (See Brams 
(1975) for a more detailed discussion of cumula- 
tive voting.) 

N - A pproval Voting . [Each voter is permitted to cast 

votes for (i.e., approve) as many candidates las he 
wishes, but he ir allowed no r.tore than one vote 
per candidate. (See Brams (1978: ch. 6) for a de- 
scription of the recent research on approval vo- 
ting') ' 

Cardinal Rating Voting, Each voter rates th.e 
candidates on a common scale, say, from O^to 10, 
and casts a number of votes for each candidate 
determined by his rating. ' 



Borda Svshem > Each voter ranks tjhe candidates in 
order of preference and casts cw number of votes>^- 
for each equal to the number of candidates ranked 
below him. For example, if 'there are five candi- . 
dates, each voter will cast 4, 3, 2, 1, and 0 
votes for the various candidates. (See Eorda 
(1781) or D. Black (195R) •) ^ 

Example . Suppose* there are four candiolatesJ Adam?^, 
Bianco, Cohen, and Delaney, and five voters J, K, !•, n, 
and !!• Tablo^l lists possible rankings given by the 
voters for the four candidates, from most preferred 
V'(rank 1) to least preferred (rank 4).. Exercises 1-4 
refer to this tiible. 

Table 1 

WO^^X^ Mms. Bianco CPhen Delaney 
J; 1 2 3*4. 

K: 'l 3 2 4 

L: ■ 4 1, 2 3 

^ M; 3 21 4 

4 2 3 1. 



Exercise 1 , Determine the total vote for each 'candidate in Table 1 
for the plurality system and for the Borda systen." 

Exercise 2. In Dorda votingj each voter ranks the candidates lst» 
2n4» 3rd» and Ath. Tor the ranks specified in Table 1 detcrc:ine 
the sum of the ranks for each candidate. Explain in what sense* 
choosing ss winner th£t candidate whose rank sum is snallest is 
equivalent to the Borda system. 

Exorcise 3. Suppose each vcter ranks the candidates and then casts 
& number of votes for each candidate equ^l to the difference be* 
tween the number of candidates ranked below that candidate ana the 
number of candidates ranked above thct candidate! Calculate the 
vcle totals for the ranks in Tabic 1 (note that souc \ctos cast are 
negative)* Is this system equiv&lent' to the Borda system?^ 

Exercise 4. The rule for easting votes described in Exercise 3 
permits the voter to express indifference between two or more can- 
didates » i.er» to jgive two or more candidates the same rank. If u 
voter prefers Adams, is indifferent between Bianco and Cohen* and 
considers Delaney' least desirable, determine the votes he casts 
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according fo the rule in Exercise 3. This systen is called the 
ad.Mted Borda System, , * . 



Suppose that the voters also rate the four candi- 
dates, listed in Table 1 on a scale frow 0 to 10 (vhere 
10 indicates most desirable), as given in Table 2. 
Note^that these ratings are consistent 'with'^the rank- 
ings given in the former table, ETxercises 5 and 6 re- 
fer to Table 2. " ' ^ 









Table 2 












* Bianco 


C<?hen 


Delaney 


i 


j; 


10 ' 


8 


7 


0 , 




K: 


10 


' 2 


8 


0 




L: • 


0 


10 ' 


8 


7 


» 


^ M; 


2 


3 

0 


10 


0 




11: 


0 


9 


6 


xo 
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EacprctcA Assusing that these ratings arc used in the cardinal 
measure system* deteminc the vote totals for each candidate* Movi 
under approval voting* assucc that each ^tcr votes for (approves) 
each candidate he rates above 5. Dctera^c vote totals* 

Exgrciig 6i Suppose an election were conducted, under qumulativx! 
voting to iill a single vacancy* Assuming that each voter has 10 
votes at his disposal* use the data in Table 2 to decide hou you 
feel each of the five voters should apportion his votes* Deter- 
mine the vote totals for your apporDionisente* 



There are, of course, other voting systems which 
take account of voter preferences among the candidates* 
Ranked preferences may be used to seek a Condorcot 
winner (if one exists), r*e*, a candidate v/hc uoLld win 
a majority against each of the other candidates. This 
concept appeals to the sense of justice of *nany cna- 
lyctsr including in particular D* PJc.c?k (1958, p* 66), 
p who recomraends use of the Condorcet method, with the 

«» ^ winner to be chosen by the Borda system if no Condo'ifcet 

winner exists* ^ 

The Copeland method attempts to resolve this 
problem by av/arding victory to the candidate who can 
win the most pairwise contests, thus assuring the \ 
election of the Condorcet winner if one exists* now- 
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ever^ in the case of either 3 or 4 candidates, if .no 
Condorcet winner exists (and nd two candidates receive 
exactly the same number of votes) the Copeland Method 
fails to determine a unique winner* For example, when 
there are 3 candidates, there are 3 pairwise conees'ts. 
If there is no* Condorcet winner, no candidate can win 
as many as 2 of them* Kence each wins one contest 'and 
the Copeland rt'lb is inconclusive* 



Exorcise 7, Shoy thai for four candidates, if no Condorcet vinner 
exists (and no tvo candidates receive exactly the same number of 
votes) t the Copeland cothod fsils to detennir.e a unique vinner* 



Another attempt to retain part of the Condorcet 
principle is to hold a runoff b\:tween the top two 
contestants* Ho;:ever, this is more expensive thc?n a 
one-stage voting system and may overlook a compromise 
candidate who stands third on the first ballot* As a 
case'Tn point, most observers believe that Congressman 
nichard Dolling, a centrist who failed ':o uake the 
runoff for U*S* House Democratic Majority Leader in 
1976, could have defeated any of his opponents in a 
two-man race* 

Still another modification of the Candorcet 
principle is called preferential votinc ;or the single 
transfer able vote or Hare systcr. when there is noire 
than onv. vacancy)* (See Brams (197i))*} After the 
voterr* rank the candidates, the candidate with tne 
fewest first-place v.otes is dropped. lij^s second-place 
votes are given to the renainir.g candidates* The 
process is repeated until one cr.ndidate haf> a majority* 
Prcferentjc.1 voting, vctr,ions of which have been used 
in Ireland (Rae (1972)) and in Ann Arbor, Michigan 
(Prarrs (1979)), has disadvantagc^o similar to those of 
the runoff* 

Phatevet the merits of these Condorcet- type alter- 
natives, we v;ill focus on the five voting systems de- 
scribed at the beginning of this section, as they are 
amenable to study through the model we arc about to 
develop* 
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3. THE MODEL 

. ,We first express the model in terms of approval 
voting and then generalize it later to encompass a 
number of voting systems including the five specified 
above* We fix a ^particular voter (to be called the 
focal voter) ^nd address the question: How should the 
focai voter rationally select the subset of (Candidates 
to vote for under approval voting? Assume there are K 
candidates c^,***fC^r and that: 

.(A) ^ The focal voter assigns a numerical rating f^ to 

candidate c^ so that the quantity f ^ - f - is 

intended to represent the ut'llity or payoff to 

^that voter of having candidate c^ elected instead 

, of candidate c. . 

J 

(B) The number of voters is large eftough that th^ pro- 
bability of an m-v/ay tie (m > 2) is negligible, 
relative to that for a 2-way nie. 

(C) The voter can exercise power only if his votes are 
decisive . By this we mean that for come pair^of 
candidates c^ and Cj, he can break a tie for first 
place (or produce such a tie) vjhich would occur 
had he abstained. In this case, the voter re- 

, ceiveS a payoff of (f^ - f), provided that he 
votes for c^ but not c-. ihe contingencies for 
which the focal voter nas a chance to be decisive 
^ will be specified as the pairs {c^,Cj) . 

^If. the total vote received by candidates cj^ and cj from the other 
voters is even , say 100, then the focal voter can Be decisive only 
if the 100 votes are split 50-50. In this case, if he votes for c^ 
but not Cj^/cj^ is elected; if he votes for Cj but not Cj^, Cj is 
elected* . If "for example, he chooses the former, his payoff is (fj- 

s^fj)# If the total vote from the other voters for and Cj is odd , 
say 99 » then the focal voter can be decisive if the 99 votes are 

-sj>lit either (a)~49 for "arid 50 for cJ or .(fe) 50 for cj and ^9 for 
c^* Assume that» in case of a tie in tne final vote, a procedure is 
uspd which selects either candidate with equal probability. In case 
(a)» if the focal voter votes for but not Cj, then c^ is elected 
with probability if he votes ror ^Cj but not c^^, Cj is elected. 

.If he chooses the former, his payoff is hii^t^ * For case (b)- a 
similar analysis leads to>^the same payoff. Thus his total expected 
payoff is (f j^-f 4) » just as before. For convenience, the language in 
the remainder ol the module will reflect the case when the total vote 
from the other voters for Cj^ and cj is even* See Brams £ind Fishbum 
(1^79) for an alternative development leading to the same result as 
this note. ' 
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4, DECTSi nWc; niMDER tlNCTRTAlNTY; 
THR SAVAGE REGRET CRTTERIOM-^ 



There are several commonly used decision criteria 
on which the voter can base his decision concerning 
which candidates to vote for. Some apply to decisions 
under uncertainty (v/here nothing is assumed known about 
the relative likelihood of the various contingencies). 
Others apply to decisions under risk (where probabili- 
ties can be assigned to the relative, likelihood of 
contingencies). We begin by considering two criteria 
for decisions under uncertainty: the Savage regret 
method and the Laplace method. (Luce and Raiffa (1957: 
280 and 298) .) 

The Savage regret method chooses that decision 
which minimizes the maximum regret over all contin- 
gencies which might be suffered for the given deci- 
sion. Regret is computed relative to the best payoff 
that could be achieved for a particular contingency. 

For exampier^ suppose there are 3 candidates de- 
noted simply as A, B, and C, and that the focal voter 
rates them 10, 7, and 0, respectively. ' V7e will refer 
to the set S of candicjatei:> voted for as a strategy. Wo 
need only consider contingencies in which the focal 
voter ife potentially decisive — that is, he can make or 
break a tie among the other voters. Such contingencies 
occur v;hen a pair of candidates would be tied for first 
place or differ by one vote had the focal voter ab- 
stained. If, in this example, the pair consists of 
candidates A and B, the contingency will be denoted by 
the symbol AB. , - 

A payoff matrix (See Table 3) is constructed in 
which each row c^rr«spondp to a strategy and each 
column to a contingency. For example, if strategy (A) 
is chosen, and contingency AB occurs, the focal voter 
assures by his ballot r. win for A instead of B, so that 
his payoff is. (10 - 7) = 3. SimilaiTly, had he chosen 
the strategy (B,C) and the same contingency occured, he 
v;ouid^have assured a win for B instead of A (his vote 
for C would have no effect), so his payoff would be 
(7 - 10) = -3. . 
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Kltf*r^igfl fl- Construct a payoff catrix if the candidate ratings 
are 10* 3* and 0* reispeciivexy* 



Contingency 



o 

U 
CO 







AC 












Maximal 


(A) 


3 


10 


0 


(A) 


0 


0 


7 


7 




0 


10 


7 


(A,B) 


3 


0 


0 


3 


{A,C) 


3 


0 


-7 


(A,C) 


0 


10 


14 


14 


(B) 


-•3 


0 


7 


(B) 


6 


10 


0 


10 


{B,C) 


-•3 


-10 


Q 


(B,C) 


6 


20 


7 


20 


(C) 


0 


-10 


-7 


(C) 


3 


20 


14 


20 



Payoff matrix 



Reoret matrix 



Next we construct a rearet matrix (see Table 3): 
e^ch entry gives the regret suffered relative to the 
best payoff that could have been attained for the 
contingency corrresponding to th^eTttxyv For example, 
if contingency AB occurs, 3 is the best possible payoff 
so the regret is 0 for strategy (A) or (A,C) , but for 
strategy (A^B^ it is (3 - 0) =3 and for (B) it is 
3 - {-3).= 6, 

in the final column of the regret matrix, we place the 
maximal regret for each strategy. The Savage method of 
minimal regret then chooses that strategy for which the 
maximal regret is smallest, in this case strategy (A,B)« 

For an arbitrary 3-candidate election, we may 
assume, without loss of generality, that the focal voter 
rates candids^tes A, B, and C as 1 , r, and 0 where 
1 2. r i 0» (This i^ possibl-e since strategic decisions 
do not depend on changes'^ of scale or position of the 
ratings.) Payoff and regret matrices for this situation 
are given in Table 4. The strate9ien have been numbered 
for convenience. 
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Table 4 

Continaencv . Contingency ' 

Maximal 







m 








AB 




OS. 


Reoret 


1: 


(A) 


l-r 


1 


0 


. (A) 


0 


0 


r 


r 


2: 


(A,B) 


0 


1 


r 


; (A,B) 


l-r 


0 


0 


l-r 


3: 


(A,C) 


X-r 


0 


-r 


(A,C) 


0 


1 


2r 


2r, r > .5- 
1, r < .5 


4: 


(F) 


r-1 


0 


V 


(E) 


2(l-r) 


1 


; 0 


If r > .5 
2(l-r) ,-r<.5- 


5: 


(FvC) 


r-1 


-a 


0 


(B,C) 


2(l-r) 


2 


r 


' 2 


6: 


(C)' 


C 


-1 


-r 


IC) 


l-r 


2 


2r 


2 



Payoff matrix Regret matrix 



Exercise 9> Compute the regret matrix and determine the Savage 
regret strategy for the data of Exercise 8« 



Ue note that strategy 1 dominates strategy 3 in 
the sense that the payoff for strategy 1 is as good as 
or better than that for 3 for every contingency, and 
strictly better for at least one. In fact strategy 1 
dominates the 3rd, 5th, and 6th strategics in Table 3, 
and strategy 2 dominates the 4th, 5th, and 6th strate- 
gies. Hence wo can restrict attention to the first two 
strategies, which are not dominated by any others, (A 
strategy that is undop.inated is called admissible . 1 
The maximum regret for strategy JA) is r. The maximum 
regret for strategy (A,B) is l-r. Since under the 
Savage criterion v;e wish t6 minimize maximum regret, 
the rational votpr should vote for only A if r < ,5, 
and for A and B if r > .5. (I^e should be indifferent 
betv:€on these two options if r = •5,) 

We may rephrase this result as follows: according 
to the Savage regret criterion, if a voter participat- 
ing ir an approval voting election rates the- candidate*^ 
on a scale from 0.0 to 1.0 with the extremes of the 
scale used for the least preferred and most preferred 
candidates, respectively, he should cast votes for 
those candidates rated above .5. It turns out that 
this result remains true for any number K of candidates 
(see Appendix A for the derivation) . Equivalently, the 
rule prescribes that the voter vote for each candidate 

10 
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whose rating exceeds (f^ t f,^/2, where the ratings are 

5, nRCTSIONS OHDER UNCERTAINTY t 
■ THE J.APT.ACF. CRITERIOM 

V7e turn now to the second method for decisions 
lander uncertainty; The Laplace nethcd treats all 
contingencies as equally likely and determines the 
expected value of the payoffs for each possible 
strategy under that assumption. This means that for 
each strategy v/e average the payoffs over all contin^ 
gencies and then choose that strategy for which this 
average is largest* 

For example, using the payoff matrix in Table 3/ 
this expected value for strategy (A) is (3+10+0) /3 = 
4.33. The expected value for strategy (A,B) is 
(0+10+7) A3 = 5.67. The other expected values for this 
matrix are -1.33, 1.33, -4.33, and -5.67, respectively. 
Clearly, the value is largest for strategy (A,B) , so 
that is the Laplace strategy for this payoff matrix. 

In general, if there are 3 candidates, we see froir 
the payoff matrix in Table 4 that the expected value 
for strategy (A) is (2-r)/3, and for strategy (A,B) is 
(l+r)/3. The expected values; for the other four stra- 
tegies are (l-2r)./3, (2r-l)/3', (r-2)/3, and (-r-l)/3. 
Each of the last four strategies is dominated by oiuber 
the first or the second strategy. Furthermore, stra- 
tegy 1 is better than strategj^ 2'hwhen (2-r)/3 > 
(l+r)/3, i.e., when r < .5. Note that for threp 
candidates, this is the same result v;e obtained using 
the Savage regret method. 

We now apply the Laplace criterion to the case of 
K candidates. It will be convenient to drop our as- 
sumption that the candidates ^* * Hsted in 
order ol^ the ratings by the focal voter. Also it will 
be sufficient simply to total the payoffs in each row 
of the matrix, since the expected values are obtained 
by dividing these totals by the number of contingen- 
cies, which is the same for each strategy. For stra- 
tegy (c^) , the total is 



^^1 - + - fa) +.•••+ (^1 ^k'- 

ERlCl 6 . 
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For any strategy S (recall that S is simply a subset of 
(Cj^,...,Oj,)) , thft total is 

(4) t'(S) = I (Ci - f J ' 

v/here the summation is over <»11 ^ S and c. i S. Mq 
v;ill call U(S) the total utility for the strategy S. 

Suppose tliat the focal voter has decided to vote 
for the candidateC) in set S anu vishos to linov; if he 
could improve his total utility_JA.__e., obtain a better 
Laplace strategy) by also voting for cnotht>r candidVtie ~ 
c^. He observes that U(S) and [}(S U{c^}) have the same 
summands in (<) except for those involving c^. Thus 

U(SU{c.}) - U(S) = I (f. - f.) - I (f. - f.) 

i: 

^ 3=1 

Benco he uill improve total utility by voting for c^ 
precisely if 

(5) > i; hy 

It follows that the focal voter achieves maximal total 
utility by voting for the set of those candidates c^ 
for v/hich (5) holds. 

Thus the Laplace criterion tells the rational 
approval voter to vote for thDse candidates whom he * 
rates above the average of all the candidates. The 
Savage regret criterion tells him to vote for those 
candidates v:ho rate above the average of his first 
choice and his^last choice. In many cases (and alv/ays 
for K = 3) both criteria v/ill lead to the same conclu- 
sion. For example, if there are four candidates, rated 
10, 8, 7, and 0, then the average of all four is 6.25, 
while the average of the first and last choices is 5.0. 
Using either criterion, the voter should vote for the 
top three, if the candidates ^are rated 10, 3, 2, and 
1, then by either criterion the rational voter should 
vote only for his first choice. Note that the voter 
doGn not in general increase his power by voting for as 
many candidates as possible. Rather, his greatest 
power occurs when he votes for somewhere in the 
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vicinity of one half of the candidates. (See Merrill 
(1980) Brans and Cishburn (1979), and Weber (1977).} 



JSUIfiiidA* Detenine the optimal strategy for both thje Laplace 
Savage regret criteria for each voter in Table 2. Detennine 
^the vinning candidate in each case if optimal strategiea^are used* 



g, DECISIONS imPER RISK; EXPECTED yMLITY 




«We now turn to decisions under risk and will seek 
— that^t rat egy^ which maxiinizes the expected ,value of the 
payoff when a subjective ipro6aliiTity iS"assigned -to 
each contingency. We will refer to this criterion as" 
the method of ftypected utility . ' * 

For exampler suppose that there are 3 candidates 
and th^ focal voter estimates (on the basis of polls or 
other information) that C2 and are the stronger 
^ candidates. Let us say he estimates the^ probability of 

Contingency (c2rCj) to be twice that of either (c^rC^) 
^or (c-;c^). Jn general we denote by p^j the prohabil- 
fity, that in the voter's estimation there would be a tie 
for first place between c^ and c> given that there is 
such a tie between -some --pair of candidates (if the 
fo.caI voter abstains). For convenience, let p^^^ = 0. 
Thus in our example, p^^^ " ^^13 * •^^ ^23^ " 
expected values for strategies (c^) anrj (c^rC^) are (2- 
r)/4 and (r+2r)/4r respectively (see the payoff matrix 
in Table 4) . The strategy (c*^) v*ill be better if (2-r) 
> (l+2r), i»e., when r < 1/3. Hence the voter should 
vote only for c^ if r < 1/3. \ 

In .general we define the expected utility for a 
j strategy S by: * . , . ' 

(6) 0(S) »' I(f^ - fj)p^j 

where again the summation is over all ^ S and c ■ ^ 

— (The "corresponding definition for plurality voting 

appears in McRelvey and Ordeshook (1972). Extension of 
formula (6) to other vctir\g systems can be found in 
Merrill (1979 and 1980)). The Laplace criterion is, of 
, -course, the special case in which all p^i^^ are equal. 
By^an argument similar to that used before, we can show' 
that a voter should include a candidate c, in his 

ERIC _ 



strategy if 



(7) h>-^it't 
where 

K 



★Exercisg 11 ^ (Exercises marked with an asterisk (*) are Intended 

t 

for students with more mathematical background.) Derive Formula 

(7). ' \ ^ 



Kote that, generally speaking, the larger values 
of q^^j will correspond to the stronger candidates, at 
least if more- than bne has a good chance, to win. Hence 
the voter *s rule of thumb in this setting would be to 
vote for candidates whom he rates above the av'orage ot* 
all of his ratings with that average being v/eighted 
according to the strength of the candidates. . 

7, COriPUTATTON OF OP TIMAL STRATEGIES 
FOR GEHERAL VOTIMG SYSTEtlS 

Ue are nov: ready to apply the decision criteria \ie 
have developed to systems other than approval voting. 
To extend the model, we assume that the voter casts v^ 
votes for candidate c^ for i = 1,...,K, where the v^ 
must satisfy constraints peculiar to the voting system 
in question. We uill treat in detail only the methcci 
of expected utility, leaving the applicoUion of the 
, Savage regret criterioh to the exercises. % 

In this sett.^.ng the definition of expected utility 
for a strategy S = (v^^. ... rVj^) for the focal voter is: 

(8) i U(S) = Z (fi - (V. - V ')P.., , 
v,>v. ^ . ^ . 3 ^3 

J- J ^ 

where the probabilities p^j depend on the voting system 
in question. Kote that (v^ - ^j'^ij i^epresents the 
probability that the focal votcir will be decisive, 
while (f^ - f^O represents bis payoff if he is 
decisive. 



E(c^) .for candidate c. by 



^Our purpose is to 'show that £or each of the five 
_voMn9«W8tems_introdU'ced in Section 2# the optimal 
stratesy under ^ the criterion of expected utility can be 
expressed in terms of a single' index called the stra- 
tegic value for a candidates For a particular voting 
system and focal voter, we define the strategic value 

K 

(9) 'E(c.) 

'I 

The* strategic value E(c^) represehts the expected pay- 
off accruing to one incremental vote for candidate c^. 

Proposition 1 . If S » (v^,.««,Vj^) is a permissible 
strategy for the focal voter and voting system under 
study^ and U is the expected utility function given it) 
(8), then • " , . 



— (W)_JJ(S) 



E(Cj^)Vj^ + E{c^)v2 + 
K 

I E{c,)v.. 
i»l ^ ^ 



+ E(Cj,)Vj^'> 



(See Appendix B for the proof.) 

The following table gives the optimal strategy in 
terms of the strategic values E(c.) for each of the 
five' voting systems described earlier. 



1 

voting System 
Plurality 

Cunulative Voting 

Approval Vcfcing 

jCardinal_ Rating 



Borda System 



Vote for the,capdidate for which 
E(c^) is largest,*^ 

Cast all votes for that candidate 
with the largest E(c^).. 

^Vote for c^ if .and only if 
E{c,) > 0. 

Give the-highest permitted ^rating 
if E(c^) > 0 and the loi/est 
permitted rating if E{c^) < 0. 

Rank the candidates in order of the 
values of E(c^) • 



. IS 



To veriry, for example, the optional strategy for 
approval voting, note that by (10), if E{c^) > 0, vot- 
ing for Cj. increases U{S) . If S{c^) < 0, votijig for c^ 
decreases U(S), and if E'lc^) = 0, voting for c^ has no 
effect on U(S) • 



Ex?-*rciso 12. Verify the cptim^l strategies for the otijer four 
voting systems given in Table 5* 

Exercisg 13'- For tho candidates in Table 2, assume that " P13 

~*^24 ' ^34 " ^23 " ^14'' ^ (this represents a 

situation in which c^ and c^ are thought to be the strongest 
candidates) • Determine the optimal strategies for each voting 
systec for each .voter according to the data in Table 2* Assuming 
that optimal strct'egies are used* detcxiuine the winning candidate 
for each voting system* For cumulative voting* assume ten votes 
per voter. (Hir.t: First work out' a. table of values t(cJ for the 
five voters and four candidates*) 

Exercise i4> (This exercise nay involve outside , reading*) A 
strategy is called sincere if it reflects the true rankings of the 
voter for the candidates* i*e** if v. > v. whenever f. > f.* For 
which voting systems is a voter more likeiy to find hi<{ optimal 
strategy in conflict with his sincere strategy? In which systems 
is the choice of the winner mpst^sensitive t<f replacement of 
siiicere strategies by-optimal strategies? Use the example in 
Exorcise 13 and/or any other e}:amples to aid in your discussion* 
See Braps (1975) and Braos and Fishburn (1976) for further, 
discussion concerning these points* ^ 



I 

^. coriPARison of vot ing systems 

IJITH regard; TO' OPTIMAL STRATEGIES - — 

i 

To assess the relative difficulty of deternining 
optimal strategies under different- voting systems, we 
first note an algebraic rearrangement of Fornula {9) 
for strategic value: 

n(c,) = j^(f, - fjp,. = f, tp,. - .|f.p,. 

(11) 

^ £ii 

21 



where * " ^ 

is a^rough measure of the-strength of candidate (a 
8tr.ong candidate is more likely to. get into .ties lor 
first place than a weak candidate) 

Thus according to the. criterion of Table 5, under 
approval voting, the voter should vote for if 

. (12) K p,. \ 

■ . Vik^'^ • ■ ■ 

Whereas a voter under the plurality system should 
choose that candidate for whom the eAtire expression in 
(11) is ^ maxii^um. Thus implementation of the optimal 
strategy is qualitatively different .and more difficult 
for the voter to follow under . plurality voting than 
under approval, voting^ ' In ^particular, the voter's 
decision under approval voting requires only that, for 
each i » K, he express a preflg^rpnce betv/een 

candidate -Q. and a gamble or lottery itivolving the 
J other candidates (see (12))» The weights (probabili- 
ties) for this lottery are related (but not exactly 
prpportional) to the expected electoral strength of the 
candidate^* 

The optimal decision for plurality voting requires 
tliat the voter attach a numerical quantify to his in- 
tensity of preference between candidate c, and the lot- 

. .J:ery mentioned abov^, multiply that' quantity by the 
measure p^ of expected electoral strength, and then 
choose that candidate for v;hom this product is maximal* 
'Thus it seecs likely that loss of voting l)ower . for the 
indXviduz^l due to dev^iation from the optimal strategy 
through ignorance or misunderstanding of that strategy 
may be more severe under plurality voting than it would 
be undel: approval voting. Applying the same reasoning 
to the other criteria in Table 5, .we conclude that de- 
termination of the optimal strategy under the Borda 
system or under cumulative voting is at least as diffi- 

-cult as under plurality voting* 

,^ One desirable feature of a voting system is' that 
it not confuse the voter with superfluous options. We 
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now observe that certain voting systems reduce to other 
known systems when non-optimal strategies are elimi- 
nated* These latter systems permit no non-optimal 
strategies other than abstentions* 

From Table 5, note that. all optimal 'strategies 
under cumulative voting consist of casting all one's 
votes for a single- candidate* Since all voters have 
the same number of votes to cast and none find;: it in 
his interest to divide his vote betv^een two or nore 
candidates, we may assume, without loss of gener.ility, 
that each has only one vote* This leaves each voter 
with precisely the options available under plurality 
voting, the additional options of cumulative voting are 
superfluous* 

Similarly, all optimal st;rategies under dardinal 
rating voting use only the highest and lov/est permitted 
ratings* Since the range of ratings permitted each vo- 
ter is the same, we may assume that the range is 1 0,1 J ♦ 
Hence the only useful options are casting 0 or 1 vote 
per candidate, precisely the options available under 
approval voting* It can be shown (see Merrill (1980)) 
that all strategies under approval voting are uniquely 
optimal for sowe ratings f^ and probabilities p^., with 
the exception of the strategies of voting for alj or 
none of the candidates. These last two strategies 
amount to abstention* Finally, it can be shown that 
the adjusted Borda systera (see Exercise 4) reduces in a- 
similar way to the Borda system^ i 

a. THE CHOICE OF DECtfilON CRTTERy;\ 

Considerable study has been directed to the ques- 
tion of whether voting behavior is best described as a 
decision under uncertainty (using, e*g*, the Savage 
regret criterion) or as a decision under risk (using 
expected utilities)* If such an analysis is to be 
descriptive of the real world, it should be based on 
empirical studie??* On the other hand, one objective of 
political science is to carry out prescrip^iv^^ analy- 
sis, which is in this case the determination of what 
decision criterion ought to be used by the rational 
voter ♦ 
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Mayer and Good (1975) argue prescriptively that 
the\ Savage regret criterion in its pure form is inap-. 
propriate since the voter usually has some information 
about the likely oRtcone of the eli^ction and because he 
is not contending against an intelligent opponent* 
(The step in the Savage procedure of computing the 
Mitim^i regret for each possible strategy would suggest 
that some opponent is attempting to reduce the voVer*s 
influence by exploiting his weaknesses. Such an as- 
sumption seems unjustified*) These writers suggest 
that for most voters the tri^e situation lies interme- 
diat ^ between sthe Savage regret and the expected util- 
ity models* 

Tullock .(1^75) points out that the Savage regret 
* criterion implies that one should vote (under the 
plurality system) for a candidate with only an infini- 
tesimal chance of winching (for example^ himself) .as 
long as that -candidate /is his, first preference* 
Tullock believes most people would cq;n^sider this impli- 
cation of the Savage regret critei^ion'^o be unreason- 
able* 

Ferejohn and Fiorina. (1975) consider descriptive 
behavior with re<yard <^o^ voter turnout rather than vot- 
ing strategy. Their analysis, based on o*S* election 
data# suggests strongly that the Savage regret criter- 
ion is a better model ^f or the decision of whether to 
vote at all than is^lhe expected utility model* ^ This 
module is, of course, concerned with voting strategy, 
not. with voting turnout* v 

^ J7~B1^6k— flr978) ,_using data f,ora Canadian elec- 
tions and surveys of voter^Tnteiisi ty^of_£reference, 
finds support iot the expected utility «odel in^e--^.^^^^ 
termininq voting strategies* Specifically he analyses- 
the tendency of a voter to cast a plurality ballot for 
a party other than tiis first: preference under appropri- 
ate circumstances (see Exercise 14), a phenomenon which 
is predicted by the expected utility model but not by 
the Savage regret model. Cain (1978), in a similar 
analysis of the 1970 British General election, also 
finds support for the expected utility model, especial- 
ly when the election is very close* 
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10. EMPTRICAL TMPACT t>W T^E QtrTCQME ' 
OP MtlT.TTCANDIDATE ELECTIONS ^ 



in our final 'section we provide some empirical 
data concerning the effect various voting systems might 
have had on an election, a&suhiing voters used 'their 
optimal strategies for each system* (See tlerrili 
(1980: Section 6).) To do this we employ the '*t>e;mo- ^ 
meter ratings'? (on a^cale of 0 to 100) by a national 
sample (CPS 1972 American National Election Study) of 
1017 Democrats for the four candidates most active in 
the 1972 Democratic Presidential primaries (Humphrey, 
McGovern, Muskie, and Wallace)* 

The candidate ratings made by each respondenjt were ' ^ 
^interpreted as voter utilities f^, i 1,**;,4* \0p- 
timal strategies under the Laplace criterion were de- - 
termined for the plurality, approval, and adjusted 
Borde voting systems* Vote totals for the resulting 
hypothetical elections are presented in Table 6, along & 
with the results of (sincere) cardinal rating voting. ^ / 4 
(The latter totals were divided by the number of voters 
(1017) so that the values given represent the average . ^ 
rating for each candidate.) ^ . * 

Voting system Humphrey Mcgp.VeCB UUfikifi Hall^ \ 

Pluralij:y 299 335 128 " 255 \ 

Approval 652 590 461 • 371 \ 

Adjusted Borda 1829 1742 1357 , 1174 

Average Cardinal 62*0 59*5 54*3 * 46*3 \ 

r rating ^ \ 

We note that McGovt.rn is the winner under plural- 
i^ voting, followed by Humphrey, Wallace, and Muskie,^ 
^In that order* Under each of the alternative voting 
systemsf^the centjcist candidates Humphrey and Muskie * 
run stronger, «ach moving up one position in the order 
of finish. 

The Laplace criterion used to obtain Table 6 
assumes in effect that all probabilities p> . are equal* 
Similar vote totals were obtained using the expected 
utility criterion for a variety of possible values o| 
the p^j* Host of these scenarios resulted in the saiae^ 
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orders'* of^ finish for the respective voting 
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systems as 



_ , We have investigated a, voter's optinTal strategy"^ 
under a variety of voting systems using both criteria 
;under uncertainty (Savage regret and Laplace criteria) 
ahd/criteria under risk (the expected utility criter- 
ion)." We have' argued that a voter's task of estimat- 
ing his <^imal-straj:egy is least difficult under ap- 
prdyai voting^ it was found that-cumulative and car- 
dinal- rating, voting reduce to plurality and approval- 
jrotihgy respectively, -.when superfluous strategies are 
eliminated;; , • * 

- -Finally- an- empirical comparison -of voting jsysteri^s 
assuming use of optimal strategies suggests" that ap- 
proval and Borda voting can produce results, very simi- 
lar to one another (and to that of sincere cardinal " 
rating) but very different from that of plurality vot- 
ing." These alternative systems tend to benefit cen- ' 
trist candidates, while still permitting voters to ex- 
press support for more extreme candidates. 

, * ' 12, ADDITIONAL EXERCISES 

♦Exercise 15. Construct a payoff matrix for plurality 
voting, where therje are K candidates, (TSiere are K 
strategies, one for each of the K candidates. Assume 

as before that 1 ~ 1 ^2 ^ * * * ^ ^* ^^^^ ^^^^ 

the maximum regret for strategy (c^^) is the larger of x 
and y* where \ 



and 



max (if - f .) 



2-max (f .- f. ) 



and y'**« O^if k «1. show th^t tjie maximum regjret is 
minimized when k » 1, ^ - - 

♦^xercise 16, Shpw that the Laplace procedure applied 
to plurality voting- leads to the same conclusion as the 
Savage regret method. t ^ 



* Exercis?> 17 . Assume that a voter under cumulative 
voting has 1,0 vote at his disposal which he can appor- 
tion among t he ca ndidates, i.e., he can give v^ votes 
to candidate c^ where v. 2 0 and 

K 

.Iv.=l. ^ 
i=l ^ 

Also assume that 1 = fj^ 2. f2 2. . . . 2 f = 0, For 
example, if K = 3 he might choose v^ = ,5, V2 = .4, and 
v^ = .l. Denoting by P(v^ , • • • ,Vj,; c^, c.) the payoff 
for strategy (v , ,,.,VjJ end contingency (c.,c.), show 
that ' 

P(v^,,,,,v,,; c.,Cj) = (V. - Vj)(f^ - fj) 

and that the regret is given by 

RxV^,.,.,Vj.; c.,Cj)-^^-(l - VjMfi,-. fj). 

* Exercise 18y For the cumulative voter of Exercise 17, 
and for. K = 3^ candidates with = r, shov/ that the 
optimal Savage regret strategy is: 



and 



and 



v^ = 1/(1 + r) , V2 = r/(l + r) , 



v^ = 0 if . r > .5 * 

V, = 2(1 - r)/(2 - r), v^ = r/(2 - r) , 



v^\? 0 if r < .5* 



* Exercise 19, Assun^e that a cardinal rating voter B^ust 
cast votes v^^ so that 0 1 v^ 1 1/ and that 1 = f ^ 2. . . . 
2 fj^ = Q. For i: - 3, show that the dptimal Savage 
regret strategy is to set v^'= f^ for i = 1, 2, and 3, 
Thus for K = 3, the Savage regr^jt strategy is not only 
sincere but reflects eatings as V7ell as rankings. (In 
fact, for cardinal i:ating voting, the ivavago regret . 
stretegy is v^ = f^ for any number K of candidates.) 
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14 i AHSWERS TO FXERCISSS 



2. 



Candidate: Adams 'Bianco, £ohen fielanoy 
Plurality: -21 i ' 

Borda: 7 . 10 • 9 4 

For a four candidate race, the number of Borda 
votes a voter casts for a candidate is obtained by 
subtracting the candidate's rank from the number 
4* Thus a 8>3all rank sun, cor responds to a large ' 
Borda vote* In fact, the totfel Borda vote for a 
candidate is obtained by subtracting the rank cum 
from 4n, where n i^ the number of voters. 

Candidate: ^ £ . 

Vote total: -l " . 5 r 3 -7 

^Yes* Using the method suggested in this exercise, 
the jiwnber of votes cast by a voter drops by i^fi 
between each_rank, whereas it drops only Sin^ in 
the Borda system. This ex^^ands the candidate 
totals but does not 6lter the relative position of 
those totals (compare vote totals in Exercises l 

-and — ^ 



4. 

7- 



8*' 



B 

32 
3 



39 
5 



B 

17 

? 



A: 3, B: C: C, ,D: -3. 

Candidate: ^ 
Cardinal rating: 22 
• Approval: 2 

For 4 candidates, if there is no Condor cet winner, 
no candidate can win more than 2 of the 6 pain/ise 
contests. For the number of victories to add to 
6, at least two candidates must each win 2 con- 
tests^ so the Cbpeland rule is inconclusive. 
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Regret 
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J]aximal 


(A,C) 
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regret is 
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0 ^ 
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least* for 
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20 
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strategy (A) . 




. 0 


20 


6. 


20 




V<itGr 


Laolace 


Savaae 
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(A,B,C) 


(A,B,C) 
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.(A,C) 


(A, 


C) 
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(B,C,D) 


(B,C,D} 
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(C) 


(C) 
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(B,D) 


(B,C,D) 





fiohcn uirjG under either criterion. The only 
difference betVMsen the results is that voter !I 
votes for fiohen unOor the Savx^go rogrot but not. 
under the Laplace crierion. I 

n 



Plurelity: 

ByJaoLf .ULS) = ,E(c^) wJ^ere c 

date voted for. 



is the candi- 



Cunuloti ve: 

Agc;in by (IC), any vote counts more toward 
total utility if plcicod on the can<:jdato for 
rlior. S(c^) isijlcrgect. 

Cc^rdinal rating: 

I£ E(c^) > 0, the higher the rating, the 
higher the contribution to to^al utility. If 
P{c^) <^ C. the reverse is true. 

Borda: 

Pl>cing the most votes on the candidates with 
the highest strategic Vc.luc maximizes -total 



(Divide cell entries by 6, 
to obtain the values of 
E(c^) for each voter.) 





utility. 
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'3 


< 
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* Cardinal rating: 


20 


30 


40 


10 
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Borda: 
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10 


10 
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E-C^ (tie) 



Optimal strategies are more often sincere under 
approval or cardinal rating voting {«;ee the re- 
ferences cited in -Exercise '14, and the proposi- 
tion stated in Exercise 19)' • . ' 




- ^ APPENDICES - 

Araoendix A. Derivation of the optimal strategy undor 
the Savage reoret criterion for a K-candidate race. 

^Suppose there arc K candiates and, without loss of 
generality, assume that 1 = f^ i f 2 1 . . . 1 f = 0. 
First, in seeking an optinal Savage regret strategy, we 
may restrict our attention to strategies v;hich include 
ci vote for c^ but n9t ,f or Cj^. . (For It S is any stra- 
tegy not including a vote for ; it is dominated by 
thCi, strategy consisting of voting for the same candi4 
dates plus c^ . This follows since adding a vote for c^ 
increases the payoffs by a - f ,)• for contingencies 
(c^,Cj) and has no effect for tne'other contingencies. 
A similar, argunent shows that c^^ need not be included 
in an optinal strategy.) 

Mext we note that each column in the payoff matrix 
(and hence -the corresponding column in the regret ma- 
trix) contains only- three distinct entries. In fact if 
\;e consider the column for contingency (c.,c.)f the 
payoffs are: , ^ ^ 

(i) (f . - f J if c. r s but c^ i S, or 

(ii) 0 J if c^ and c . are either both in or 

\ ^ both not in S,. or o 

(iii) -(f. - fj) if c. i Z but c^ec. 
Thp corresponding regrets are then 

(i») - 0 

(iiM (f. - fj) ^ 

(iii') 2(f. - fj) ^ - 

for the same three conditions, respectively. 

Hence for a particular strategy S, the Mximum 
regret for S is the larger lof h^, and where 

max(f^ - fj) under condition (ii), and 

Bg » 2*max<f^ ---fj)- under cl5JTditron- (li:i)%- — 

We claim that the strategy of voting precise.ly for 
those candidates c^ for v;hich f^ > .5 minimizes the 
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^"^^^IgiiS^ strategy is described analy- 



^»otje?tfii S^s) » <i If T is 

any Jojthet atrii^y^ ^K^ft^.^if^c^ : . ? 



liMiaV 'l^^ Cj^ £5 with fj^ :^ .5- 

For case^l , 

^ ' '(MaxiAiA regret for t> i - , ^ 

' ^ - ' f - 0 .Sf 

* since t T. 
Tor case 2# ^ 
(Naximum regret for ?LJSr-Aj— . 

« 1 - 2 .5, 

■ ' ; , , since e t. 

Hence ,the maxinum regret for is less than or 
equal to the maxinun regret for any other, permissible 
strategy for approvcl voting/ (Any' candidate for which 
f I • .5 can be included in the strategy without 
altering tlie naxinuiji regret.) Thus is the bptjimal 
Savage regret strategy. 
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First observe that 

K > 



2U{S) « I Z (X - fi)(Vi - v.)p.. 

I I (f^ - WiPi. - I I {f. - 

i»l j«l ^ 3 ^3 i«l ^ 3 3 i3 

But interchanging i and j, we may write 

^ S K K 



i»l ^ ' 3 3 13 i«l ^ ^ ^3 

K K 

i=l j=l ^ ^ ^ ^3 



' . K K k • 

Hence 2U(S) f-^S 7i ^ (f - f^)v.p,. » 2 t E{c,)v,, 

i«lf j«l * 3 1 13 i^i, ^ 

which completes the proof. 
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STUDENT FORM 1 
Request for Help 



'Return to: " 
EDC/UM/^ 
55 Chapel St. 
Newton» VK 02160 



Student: If you have trouble with a specific part of this unit, please fill 
out this form and take it to your instructor for assistance. The information 
you. give will help the author to revise the unit. 



Your Name 




Unit No. 



OR 



Section 



Paragraph 



\ 



OR 



Description of Difficulty i (Please be specific) 



Model Exam 
Problem No« 

Text 
Problem No« 



Instructor : Please indicate your resolution of the difficulty in this box. 
Corrected errors in materials. List corrections here: 



C J Gave student better explc^.^ation, example, or procedure than in unit. 
Give brief outline of your addition here: 



( ) Assisted student in acquiring general learning and problem-solving 
skills (not using examples from this unit.) 
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^ : ^ ' 55 Chapel St. 

Unit Questionnaire Newton, Hk 02160 



Na — ; Unit Ho. Date^ 

Institution Course No.^ 



Check the choice for each question that comes closest to your personal opinion. 
I; How useful was the amount of detail in the unit? 

Not enough detail to understand the unit 

U nit would have been clearer with more detail 

Appropriate amount of detail 1 

U nit was occasionally too detailed^ bun this was 'not distracting 
Too much detail; I was often distracted • ^ 



.2. * How helpful were ^ the problem answers? 

Saiple solutions were too brief; I could not do the Intermediate steps 

Sufficient Information was given to solve the problems 

Sample solutions were too detailed; I didn^t need them 

3. Except for fulfilling the prerequisites^ how much di d you use other sources (for 
example^ instructor /friends^ or other books) In orde r to understand the unit?, 

A Lot Somewhat A Little . }lot at all 

A. How long was this unit in comparison to the amount of time you generally spend on 
a lesson (lecture and homework assignment) in a typical math or science course? 

Much Somewhat About . feomewhat Much 

- ,^Longer _,,,^I^teg^ _Jthe Same.. l-_S*o«te^f , ^^Shorter— - ^ - 

5. Were any of the* following parts bf the unit con fusing or distracting? (Check 
as many as apply.) ' \ l «> 

- ^Prerequisites \ 

Statement of skills and concepts (objectives) 

^ ^Paragraph headings 

E xamples « . . 

S pecial Assistance Supplement (if present) \ , 

J3ther» please explain ' ~. — ; ; ■ 



6. W«e any of the following parts of the u nit particularly helpfuir (Check as many 
as apply.) 

Prerequisites - ^ ^ 

~^S tatement of sldlls and concepts (objectives) 
E xamples 

Problei&s 

^ . Paragraph headings 

Table of Contents 

S pecial Assistance Supplement (if present) j 
Other » please explain^ : • 

Please describe anything In the unit that you did not particularly like. , 

■-■1 . ' ■ . . 

Please describe anything that you found particularly helpful. (Please use the back of 
this sheet if you need more space.) 
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<' \ I ^ / 1. TMTIIQpbrTYntl 

It i^s a coplion observation that voting in the 
United States Congress is frequently strategic. This , 
observation is ostially interpreted to mean that a 
congressman's vote on a legislative proposal may' be 
.guided by strategic .considerations and hot strictly by 
his oiim .preferences regarding the matter. For example, 
suppose a. Senator prefers the originally negotiated Salt 
ZZ^treaty^ to no treaty at allVbut would like- to see the 
nusber of siissiles allowed under the provisions of thfe 
treaty reduced. Assune, now, that such an amendment ' / 
were, offered. Should' the Senator necessarily vote for 
Xtl If he perceived thit adoption of the amendment 
would bring about almost certain rejection of the treaty 
by the Soviet Onion, he mighf vote against it. ^On the 
other hand, if he- perceived that adoption of thh amend- 
ment would lessen but nojt*destroy the chances of the 
treaty's acceptance by t'he Soviets, he might accept the 
risk of rejection and vote for the amendment. 

The above example captures many feattires of tfie 
voting model that will be developed in this module. , The 
purpose of this model will be to explain and predict 
voting pn congressional amendments. We"^ shall focus our 
attentionr on two types of am'endmVnts--those-whlch are 
seen as increasing and^those which are seen as decreas-^ 
ing the chances of a bill's passage. The first type 
will be called a "saving" amendment and the second type 
a "killer" amendment. We will assume that a congress- 
man's vote on either of these two 'types of amendment is 
based on two factorsr-his preferences regarding the 
possible outcomes once the final vote on a bill is taken 
andvhis assessment of how the amendment in question will 
affect. the likelihood of^the bill's passage. These two 
factqts will allow us to construct a IcJttery theory of 
strategic voting that has elsewhere been called expected 
, utility sophisticated (BOS) voting.^ After shoiiing how 
this theory works, we will apply it to ^n actual case of 
a saving amendment— the Mathias amendment to the 1966 
Civil Bights bill. He shall also discuss killer amend- 
ments to the Salt II treaty. 




2i Al] EXPECTED UTILTT Y THEORY OF SOPHISTICATED VDTT[jp 

Let us initially assume a simple situation — an 
amendment to a bill is voted on by n voters followed by 
a vote on the bill itself. The following tree diagrams 
the structure of these 'two votes. 



ab vs. b 




Figure 1. 

Initially, the amendment is voted on, providing the 
voter v;ith two choices: "yea" (Y) or "nay" (N). If a 
majority of the n voters vote Y (which n»ay jKt £ special ^ 
majority>such as (2n)y3n), the next vote is a contest 
batween-the amended bill and no bill and, again, the 
voter can vote either Y or Ii. On the other .hand, if a 
majority of the n voters vote V on the amendment, the 
next vote is a contest between the unamended bill and n 
bill,, and, once again, the voter can vote Y or K. 
Therefore, after the second vote is taken, three out- 
fifiEfifi may result — the amended bill (ab) , the unamended 
bill (b), and no bill (<^). 

This description outlines the bare /structure of the 
voting process as seen by the voters. Vie assume that 
each voter can rank order the three possible outcomes v;e 
have described from best to worst. This ranking will be 
termed his preferen ce order ^ Assume that no voter is 
indifferent between any two of these three outcomes. 
This means ^hat the voter can rank these outcomes in 3! 
« 6 possibl;^ ways. This li&ting is given in Figure 2. 
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Figure 2. 
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oCet 08 now make another assumption — that each 
voter*s preferences are sufficiently "consistent** to be^ 
/(•presented by cardinal utility numbers* These numbers 
measure the "strength*? of ^n individual' a preferences, 
cannot be compared across' individuals, and can always be 
normaliaed so that an* individual's first ranked outcome 
can be assigned the number **1** and his wdrst outcome the 
number "0"*^ These numbers are also assumed to satisfy 
the ''expected utility hypothesis,** which will be ex- 
plained -shortly. The utility of. the i*^^ voter (i = 1,^ 

• ••f n), for the three outc<»nes of the votin^^roeess is, 
thien, Uj^{ab) ,Uj^(b) , and Uj^(4), these numbers'all being 
contained ^in the i^^erval [0,1]. [ 

The final piece in the model has been alluded to j"^ 
earlier. This is "each voter's subjective probability ' 
estimates of two* events — that the amended bill will pass 
'andflnhat the unamended bill will pass. In th^ case of 
bur Salt II example, the' term **pass** could be replaced 
by sbne other -term denoting acceptance by the treaty's 
signatories. However, we'shall keep matters .simple for 
now and consider the"" term fpass** to apply to majority 
acceptance. by the n members of the voting body. We are 
assuming, then, that each voter forms an estimate of the 
likelihood that the amended bill will pass and an esti- 
mate of the likelihood that the^unamended bill will 
pass* These estimates may vary from one voter to the 
next and axe based on whatever information each voter 
possesses concerning the preferences. of other vt>ters and 
his assessment of their voting intentions. 3uch infor- 
mation is assumed to be imperfect* Further^ voters may 
share whatever information they possess, but they' are 
assumed to ^ake their voting decisions independently of 
one another. In other words, the voting game is nonco- 
operative. - ' ' * 

Let us hov; see hpw these probability estimates can 
be incorporated into the tree diagram of Figure_3, where 
Pi denotes the estimate of the i*^*^ voter (i « 1, n) 
that ab will pass (0 i p^ 1 1) and the estimate of, 
the i*^^ votier' that b will pass (0 1 1 1). The esti- 
mates of the i*^^ voter that ab and b will fail are 1 - 
p^^and 1 - q^^, respectively. We are now ready to state 
the fundamental hypothesis of our model. We assume that 
the i^^ voter sees his choice^of voting Y or N at any 
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• ab ^ b ♦ 

Pi ^-Pi ^i ^-^i 

Figure 3. ' 

point in the voting process as a choice between the tv;o 
lotteries associated with passage or failure of the 
issue being voted on at that point. Thus, if ' 
« (Pifib, (l-p^)*) and L2 = (q^b, (1-qi)*), then the 

voter votes Y on the amendment if he prefer^-s to • 
L2 and ll^otherv/ise, where Lj^ is a gamble that yields ab 
v^^ith probability and 4 with probability 1- p^, and 
L2 is interpreted likewise.^ To determine which lottery 
he prefers, we employ the expected utility hypothesis 
v;hich states that he prefers the lottery v/hose utility 
expected valfie is greater. ' More, formally, the i*^^ voter 
votes Y on the amendment if and bnly if 

Ui(Lj^) > Ui(L2) 

(1) PiUi(ab) + (l-Pi)U£(*) 

> qiUi(b) + {l-qi)Ui(*). ^ 

V7e sha31 explore the implications of expresion (1) 
monentarily but, first, note that voting on final 
passage simply involves a preference comparison' of the 
two remaining possible outcomes.. On the other hand, if 
tv;o amendments were being voted on serially,, voting on 
the first amendment would involve the comparison of two 
compound. lotteries, i.e. each lottery v/ould be a lottery 
between two lotteries. An example of a compound lottery 
will be given later. 

Let us now draw out some implications from expres- 
sion (1) tox. voting on "Saving** and' **killer** amendments. 
V7e shall define these two types of amendments as fol- 
lows. If Pi ^ <3i# then voter i sees the amendment as 
**saving** the bill, while if > voter i sees the 
amendment as a *'killer.*' This reflects the idea that a 
saving amendment is one which is seen as increasing the 
chances of a bill's passage, while a killer amendment is 
seen as decreasing these chances. Under what circum- 
stances, then, will a voter of some qiven preference 

" . 4 • ■ 45 



type vote Y or H t>n a •saving" or "killer" amendment? 
Let us start With voters of preference type #1. For 
simplicity, ve shall SMetimes use a double index to 
indicate a'vptec^s p'teferehce type* Thus, a generic 
amber i of preference sroiip #1 will be labelled 11. 

Onder what conditions, then, will voter 11 vote Y- 
on a saving amendment? It is a straightforward exercise 
to demonstrate that if . ^ 

, / Uy^^(ab) > pij . ^ 

then votejT il will vote Y, while if the inequality is 
reversed he will vote ^* | | 

ftfrei«i> 1- Prove this* I 



Suppose, now; that p^i « ^^n- Then, since qu/Pii » 
•5, uj^Cab) must!, ekcee^ .5 -for il to vote Y on the 
amendment. ^ If p^j^ « 3 q^f then u^j^^Cab) must exceed 
•33* In|Other words, the more the voter thinks thej 
amendment increases .the chances of the bill*^8 passage, 
the more' likely he is to vote for it* Of cotirse, the 
reverse also holds. If p^^ » li2 q^^, then (ab) 
must exceed .83 for il to vote Y on' the amendment. 

Under what conditions will voters of preference 
ty^s #2 «- f6 vote Y or K on a saving amendment? 
Interestingly, V algebraic manipulation reveals that 
voters of preference types. #2 and #5 will always vote N 
on a saving amendment, while voters of preference types 
o#3 and #4 will aIscoys vote Y* . For example, for a voter 
of pr'eference type #2 tqje^tte Y on a savinigi amendment, • 
(l-Piji) Ui2 (♦) ""'^^ exceed q^j + {l-qi2)"i!2 • 
But, since p^j > Qi2l' (l-9i2) ^ (1-Pi2) ' ^^^^ 
impossible. . Only voters of preference type #6 are like 
voters of ^preference type #1 in being able to vote 
either way* If" ~~ 




then voter 16 will vote Y on a saving amendment, while 
if the inequality is reversed he will vote N. 



Exerciig 2a if 




for «oin« il 4nd 16 » is it possible for them to both vote the sane 
way on a saving amendment? 



ft is not difficult to^see that<,the more an amendment 
Increases the chances of a bill's passage, the less 
likely 16 Is to vote for It. For example. If p^g = 

3 ^16' ^^^^ "16 ^^^^ exceed ;67 for iS to vote Y 

on the amendment. \ 

Let us now discuss voting on kllier amendments* 
It Is again a straightforward algebraic exercise to 
establish the" conditions under ihlch members of each 
preference grbup will vote Y or N. Now; members of 
preference groups jl and 2 Invariably vote K and members 
of preference groups 4 and 6 Invariably vote Y* Again, 
to compute one example, for a voter of prefer^nc* type 
#1 to vote Y on a killer amendmejit, u^^ (ab) must 
exceed q^^. But q^^ > p^j^ ^ > "ll i^^) 9 so this Is 
Impossible. However, members of preference groups 3 
and 5 can vote either way. If 

> -13(b) 

jvoter 13 will 
llnequality is 



voter 15 will vote Y on a killer amendment, and If the 
Inequality is reversied he will vote N* 



ExcrcitC 3i Assume ^ Pi5 ^0. How will 13 and i5 vote on the, 
amendment? ! 



vote Y on a killer amendment, and If the 
reversed he will vote N* Likewise, If 

15 . .. ' • N 



^7 . 
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3: TOE M^THIAS AMENDMEMT TO THE 19^6 CIVIL RIGHTS BILL 



\ We will now see how well our theory can predict 
and Explain voting on a real exeunple p£' a saving 
mendRent* The 1966 Civil Rights bill (HR 14765), as 
reported by the House Judiciary Committee, contained a 

^^contr.oversiel open housing provision, known officially 
as Title iv., The intent of the Hathias amendment 
offered on' the Hoii'se floor by Rep; Mathias^ w^s. to 
weaken this section of the bill by allowing 'a[ homeowner 
to provide a real estate broker with discriminatory 
instructions, if the broker did not solicit .them. 

This amendment was offered in^ an attempt to save 
Title IV from being stricken from the bill. The two 
votes that fi.t the requir^ents of our -nodel are, 
therefore, the vote on the Mathias amendment and the 
vote on a motfon l^y Rep. Moore to recommit the 1966 
Civil Rights bill to the Judiciary Committee with 
instructions to delete Title IV/ A Y vote on the 
motion to recommit is a vote to delete Title XV and a N 
vote is a vote^to leave Title IV in the bill. The 
voting tree, therefojre, looks like Figure 4. 

Miathias Amendment 

1 




Moore motion 
to recommit 



Moo^e motion 
r.ecommit 



Figure 4. 



The three outcom^es are: [Title IV with the Mathias 
amendment (ab^. Title IV without the Mathias amendment 
(b), and the 196.6 Civil Rights bill w'ithout Title IV 
(♦). 

He will assume that all yoters saw the adoption of 
the Mathias amendment as increasing the chances that 
,Title IV would bej saved, thu£( enabling us to apply our 
earlier predictions about^voting on a saving amendment 
to all members of the House.' In order to do so. 



ERIC 



48 



>7 



however^ we need some neasure of each Representative's 
preferences regarding the three outcome^ shown^in 
Figure 4. The measure we w.ili use (employed in Table' 
1) is the % "right" votes cast by each Representartive 
according to Americans for Democratic Action (ADA) on 
17 selected votes in 1966. ADA is a liberal interest 
group particularly identified with advocating a stron-. 
ger federal role in domestic areas such as housing and 
civil rights. 

We shall assume , that type 1 Voters i|ave the 
highest ADA scores and type 6 voters the lowest. This 
follows from the icankings given 'the three possible 
outcomes by these voters. Type 1 Voters rank the . 
stronger open housing section first, the weaker open 
housing section second, and no open housing section 
last. Type 6 voters rank the three outcomes in reverse 
order. Thus, type 1 voters are in complete agreement 
with ADA'S preferences and type 6 voters are in com- 
plete disagreement. ' Type 2 voters should also have 
high ADA scores, although their attitude is "all-or-'xx 
nothing." Type 3 and 4 voters should h^ve intermediate 
scores, since they rank the weaker open housing section 
first, and type 5 voters should, have lov; ADA scores, 
li^e type 6 voters. 

^ The following is a list of hcu vcf expect the 
members of each preference group to vote. Since the 
Hathias amendment passed, the second votie was a contest 
between ab and ^ (recall that a Y vote on recommittal 
is a vote for ♦) . ^ 

Predicted Voting on 
Mathias Amendment 
and Moore Motion- 

Preference ^pe t 

1 2 3 \4 5 e 

m NY YVi Yh ' NY NY 

* 0& , or * 

NN • YY • 

. Figure 5 - 

Table 1 presents our findings. Only type 1 voters are 
predicted to vote NN and *only type 6 voters are pre- 
dicted to vote YY. Interestingly, of the 26 voters who 
voted 19 had scores between 80 and 100, while of 
the 40 voters who voted YY, 24 had scores between 0 and 
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19. This co&resr>onds well with our. predictions. It is 
also interestinc; to note that the dispersion of 
amendment votes is gre'atect for voters with high .and 
low ADA scores. This -conforms with our prediction that 
only type 1 and typo 6 vot*erc can vote either way on 
the amendment. 

Note also that if type 1 voters are assumed to. 
have ADA scores of 80-100 and type 6 voters ADA scores* 
of 0-19, only 29 out of 289 voters with jsuch scores 
voted contrary to the predictions of our model. Our 
model, therefor:;, has a 90% success rate v;ith these 
voters. , 

As for voters in the 20-79 range, 64% of them 
voted YI^. This leads us to believe that most of them 
were type 3 'or type 4 voters. If the three outcomes 
were arrayed on a single horizontal diniensior fror^ left 
to right in the order b-ab-^ and a second vertical 
dimension were used to measure strength of preference 
from last to first, it would be possible to represent 
each voter *s preference order by 3 points in a two- ^» 
dimensional coordinate system. If these points were 
then, connected in left to right order each preference 
order would correspond to a preference curve. 



•Exercifig ^. Draw 2 graph of all 6 preference curves. 



A preference curve is si|iqle--peaked if/ looking froto 
left to rightf it. always rises or *falls, or it rises to 
£ point and then falls, doing so no more- than once. 
Based on this definition, only t^pe 1,3,4/ and 6 voters 
have sirngle-peaked preference curves. But, our data 
suggests that most voters held one of these 4 prefer- 
ence types, so our conclusion is that most Representa- 
tives held single-peaked preferences with respect to an 
underlying dimension that would seem to measure degree 
of federal control over private housing. 

An interesting finding emerges from reading the 
floor debate on the llathias amendment. Among self- 
identified type 1 and type 6 voters, some offered 
voting justifications based on suh^antive considera- 
tions and others offered justifications based on 
tactical considerations. Clearly, a substantive jus- 
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" tification is one based on the magnitude of (ab) / 
while a tactical^justif ication is based on the ratio of 
qi to p^. Thusr a type 1 vote such as Rep; Albert (D- 
Okla.r ADA-82%) justified a y v.ote on the Mathi^s 
amendment, by calling the amended Title IV "tan important 

. step forward. "2- Recalling that a type 1 voter casts a 
y vote on. a saving amendment if and only if 

Albert's justification is clearly consistent with our 
niqdel. Oh the other hand^ a taciical-justif ication by 
a type 1 vo^er for a Y vote is provided by Rep. Diggs" 
(D-Mich., ADA-82%), who termed the amendment a 
•tactical concession.^ Diggs makes clear ^his lin^ited 
enthusiasm for the Mathias amendmenfcr but recognizes 
that there are "not enough affirmative votes"^ for 
Title IV without it. Thus, for Diggsr ^^n/Pn would 
appear to be near zero. 



gx crcitc . 5 i. How would you interpret the justificatory intent of 
»ep. Poff {R-V«.» ADA-OX) • a type 6 voter, who stated "that, any 
liberal who votes for the Mathias amendment will be indicted by 
liberals for having "gutted** Title IV»...**^ 



Other examples of s^ubstantive and tactical justifica- 
tions given by type 1 and type 6 voters for Y and t! 
votes on the Mathiac amendment are easy to come by. 
Thus/ we find not only a good rate of predictive 
success for our nodel, but also a striking degree of 
verisimilitude with the actual pronouncements of the ^ 
congressmen themselves. 

THE SALT TI T^RATy * * 

In this final section of the module we shiall 
employ our model to discuss killer amendments to the 
Salt II treaty. We shall consider a killer amendment 
to the treaty to be one which all Senators see as 
d^reasing the chances of the treaty's acceptance — not 
by the Senate, however^ but by the Soviet Union. This 
case is similar to the one which occurred with respect 
to the Panama Canal treaties, where a host- of amend- 
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ments was offered not to bring about Senate rejection , 
of the treaties, but to bring about rejection df the ' 
treaties by Panama. If anything, such amendments 
ingrgasy the chances of acceptance by the Senate since 
they typically involve changes that favor United States 
interests. However, for now, we will only consider the 
effect of a Salt II treaty amendment ^on the chances of. 
the treaty's ac?teptance by the Soviets. * 

nefore b/?<:ii%nino, it in important tc*^ di^stinguish 
^ an amendment to the treaty from a reservation or 
i understanding. An amendment changes the actual text of 
the treaty, while a reservation or understanding does 
not. Thus, the Soviet warning in the summer of 1979 
(iirmediately after the Calt II treaty was signed), that 
changes in the treaty would brihcj about "a fantastic 
cituation"^ was aimed at preventing treaty ^amendments. 

Let. us now, analyze the strategic environment 
surrounding a killer amendment to the Salt II treaty. 
, Recalling our earlier results. Figure 6 lists the 
expected votes for menbers of each preference type. 

Voting on Killer Amendment 

Preference Type 
.12 3456 

Vote i: u y y y y 
' ^ 'or or * 

N N 



Figure 6 



Recall also that if 
^i3 



Ui3(b) 



voter i3 will vote Y, while.if the inequality 
reversed he will vote -N. On the other hand, if 



voter i5 will vote y, while if the inequality is 
reversed he will vote N.- The example give in the 
introduction to the module is clearly one of a type 3 
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voter faced with the problem of how tp vote on a killer 
amendment to the Salt II treaty. 

Our results indicate; therefore, that Soviet 
warnings to the Senate against amending 'the Salt II 
-treaty could only affect the votes of Senators ,with 
type 3 6r typ^e 5 preferences*' The question theA^ s 
becomes: were Soviet threats rational from, the staS^^ 
poill't of persuading these Senators feo vote'N? This i§^ 
not an ^asy quostio'h to answer. By seeking to imply 
thi^t Pi was near zero, the Soviets were creating a 
situation in which type 3 voters would vote N but type 
5 voters would vote Y on a treaty amendment. If the 
Soviets estimated tliat the type 3 group was larger than 
the -type 5 group, this' tactic would appear to m^ike 
sense. Certainly it would be superior to conveying the 
impression that v^ was near one. However, our analysis 
r tells us that type 3 votes are not necessarily gained 
^ at the expense of type 5 votes. If instead of a tacti- 
caL approach to influencing Senators, the /Soviets had 
employed a substantive approach, it may have been pos- 
sible (at least before other events intervened) to per- 
suade both types of voters t^ vote against any treaty 
amendments. The way to do this would have been to 
persuade both types of voters of the attractiveness of 
the. unamended treatyl In this way,;^Ui3(b) and Uj^5(b) 
would increase and thus so would the chances of voting 
H on a treaty amendment for both types of voter^sl 

Howeyer, if the Soviets judged that there were 
very few Senators with type 5 preferences compafed to 
those with typSe 3 preferences (a not unreasonable 
assumptiorv^since preference type #6 would seem more' 
appropriate for a foreign policy conservative), their 
'approach would have cost them few votes. From this^^ 
standpoint, therefore, the Soviets were acting in a 
manner that was clearly purposeful, despite the back- 
lash evidenced in -Senator Howard Baker's reply that 
"the senate will work its will. . ^without that advice 

" fr"bm Russia.*^ 

\ ' ^ ^ 

atarcia^ Af^suae Senator Baker has type 4 preferences. Would 

it be rational for him to offer killer amendment to the Salt II 

*• treaty? ' ^ 
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On the other hand, if proponents of treaty 
amendments shared the Soviet perception that «type 3 
voters were the proper focus of the ratification 
battle, then they should have been trying to make Pj^, 
appear as large as possible. From this perspective the 
statement by Lieut. Gen. Edward J. Rowny, one of Salt 
II 's negotiators, that amendments would not kill the 
treaty because "they need it more than we do"^ was a 
rational countcr-sttategy to use against the Soviets. 

Thus, our model allows us to understand the battle 
that took place in the summer of 1979 between the 
Soviet Union ^nd certain members of the U.S. Senate 
over amendments to the Salt II treaty. Soviet warnings 
were i:.ucb more than a public expression of irritation. 
Instead, they represented a clear *^and deliberate plan 
to influence Senators' votes. • / 

As a final exercise, let us incorporate into .our 
model the statement made at the beginning of this 
section that a treaty amendment can be a killer with 
respect to the treaty's signatories but also be a 
saving amendment from the standpoint of Senate <v 
ratification. Figure 7 exi^ands our model to accomodate 
a "saving-killer" cmendment.- 



amendment vote 




ab <i> 



I Figure 7. 

The new division in the tree represents the Soviet de- 
cision to accept or reject the amended treaty. It is 
assumed that acceptance of the unamended treaty is 
automatic, since the Soviets signed the treaty in this^ 
form. Now, assume Pj^ emd qj^ represent the two ratifi- 
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cation probabilities for the amended and unamended 
treaties as seen by voter i and that Pj^ > for all 
i « Ir n (ratification of thfe treaty requires a 

two-thi rds. majority) . Let represent the probability 
aa seen by vote^r i that the Soviets will accept the 
amended treaty anci assume that qj^ > for all i » 1/ 
• • • # n» ^ 

The two lotteries that eacfi voter must compare be- 
fore voting on this "saving-killer" araendraent are then 
(p^; r^ ab, (1 - Pi^'^i) *) and (q^ b, (1/- qi) *) . 
Howeverr since qj^ :> p^ rj^, a "saving-killer" amendment 
is really just a killer amendment ^(since q^^ > r^, 2 
pj^rj^) and so needs no special treatment. However, 
suppose the prospects for ratifying the unanvended / 
treaty become suddenly dim and r^^ > q^ for ill i. Then 
clearly, Pj^ may be^ greater or less tKah-q^ and the 
analysis becomes more* complicated. In any event, the 
point of^this small exercise is to show that our voting 
model can be expanded to represent more complex deci- 
sion i>i:oblems. 



gac#rci»g 7. Dr«w « voting tree to represent the situation where 
Cvo oiendBents to « bill «re voted on ^erially followed by a vote 
on final passage of the bill. Vhat are the two lotteries that 
each voter must compare before voting on the first aoendment? ^ 



CONCUISTQM 

The point of this module hj(s been to develop a 
simple lottery theory of strategic voting to explain 
how preferences and subjective probability estim^ttes ^f 
how much an^amen^ent can help or hurt a bill combine 
to determine how a congressman will vote on a legisla- 
tive amendment. We have focused on two types of amend-r 
ments — those that a voter thinks will help save a bill 
and those that a voter thinks will help kill a bill— 
and showed that on each type of amendment only two of 
the six possible preference types can vote either Y or 
N,^ dependir^^ values, taken by the jbhreej/ariables 

that determine the voting decision. / 

» 

We then applied our theory to voti^ig on a real 
example oi a saving amendment, the Mathias amendment to 
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the 1/966 Civil Rights bill, and showed that our data 
agreed substantially with*the theory's predictions and 
also that the model accurately represented the verbal 
justifications offered by many Repres^entatives. As an 
example of a killer amendment, v/e discussed amendments 
to the Salt II treaty and showed that our model could 
illUTAinate the debate carried on between the Soviet 
Union and some members of the U.S. Senate in the summer 
of 1979. V7e also showed how our model could represent 
tl.e saving and killer aspects cf a Salt 11* awendnent. 
Thus we demonstrated the model's flexibility. 

In closing, this module demonstrates that a simple 
model can capture a great deal of real world .complex- 
ity, while simplifying reality sufficiently to make 
straightforward predictions and lay bare the underly- 
ii(g logic of the phenomenon being modelled. This is 
the purpose of any rigorous scientific investigation 
and it has been our purpose here. ^ 

/ 

/ 
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6. ANSWERS TO EXERCTSRfi ' ^ | 

Substituting uj^^{b) « 1 and u^iii) = 0, we have 
from expression p^^ Uii(ab) > q^i. Dividing 

through. by p^^ yields u^^tab) > qn/Pjii/ 

Yes, 'For example, if q^i/pfi = qie/Pie -^v then 
il and 16 will both vote Y if u^^{ab) and Uig(ab) 
exceed .5. \ - 

13 -Votes N and i5 votes Y. 




His intent is to convince type 1 voters th^t u^(ab) 
is near zero so that qii/Pii will exceed u^^Cab) 
and tl|ey will vote thus ii^reasing the chances 
of Poff 's first preference;, . 

Yes, since .4 is preferred tcj b« 
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1-r. 



1-s 



^1^2^ 



^2^ 



Assuming the probability estimates are as labelled 
abovQf the tv;o lotteries are 

(ti (Pi a^a^b, (1-pi) (i-ti) (qi a^b, (1-qi)*)) 

and " 

(Ui (ri a2b, (1-ri) <^) , {l-u^) {s^^b, (l-s^) (J)) 
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STUDENT FORM 1 
Request for Help 



Return to: 

EDC/UMAP 

55 Chapel St, . 

Newton, MA 02160 



Student; . If you have trouble with a specific part of this unit, please fill 
out this form and take it to your instructor for assistance • the information 
you give will help the author to revise the unit, 

. Unit No, 



Your. Name 




OR 



Section 



Paragraph 



OR, 



Description of Difficulty: (Please be specific) 



Model Exam 
Problem No, 

Text 
Problem No, 



Instructor : Please indicate 'ybur resolution of the difficulty in this box. 
Corrected errors in materials. List corrections here: 



o 



Gave student bej:ter explanatioil, example, or procedure than in unit. 
Give brief outline of your addition here: 



o 



Assisted student ^in acquiring general learnlijig and problem-solving 
skills (not using examples from this unit,) ' 



Instructor's Signature^ 



Please use reverse if necessary, 

69 . 
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Return to: 

STUDENT FORM 2 EDC/UMAP 
it ^ 55 Chapel St-. 

Unit Questionnaire Newton, MA 02160 



Name » . unit No^ ^ Date 



Institution Course No.^ 

Check the choice for each question that comes closest to your personal opinion* 

1. How useful was the amount of detail in the unit? 

Not enough detail to understand the unit 

Unit would have been clearer with more detail 



^Appropriate amount of"* detail 

JUnit was occasionally too detailed, but this was not distracting 
Too much detail; I was often distracted 



.2. How helpful were the problem answers? . j 

JSample solutions were too brief; .! could not do \the intermediate steps 

_Suff icient information was given to solve the problems ; 
"sample solutions were too detailed; I didn't need them 

- j ; ! ! 

3. Except for fulfilling the prerequisites, how much did, you use other sources (for 
example > instructor^ friends J or other books) in order to understand the unit? 

A Lot Somewhat A Little Not at all 



u VHow long was this unit in comparison to the amount of time yoii generally spend on 
\ lesson (lecture and homework assignment) in a typical math or scienc^^-eotirse? 

Much Somewhat About * Somewha^.^---'"^'"^ Much 
Longer Longer . ^the Same p orter ^Shorter' 



5. Were any of the following parts of the- unlt^conf using ot distracting? (Check 
as many ss apply.) ^J-^^^ 

^Prerequisites ^ j . 

^Statement of skills and concepts (objectives) 



^Paragraph headings 
^Examples 

[[^Special Assistance Supplement (if present) 
Other, please explain \ 



6. Were any of the following parts of the unit particularly helpful? (Check as many 
as apply.) 
Prerequisites 

^Statement: of skills and concepts (objectives) 

Examples ^ 



^Problems i 
^Paragraph headings 
"Table of Contents" 

[^Special Assistance Supplement (if present) 
Other, please explain^ 



Please describe anything in the unit that you did not particularly like. 

■ ' • ■ ' • il 

Please describe anything that you found particularly helpful. (Please use the back of 1 
this sheet if you need more space.) 



